
A
D
B

R

L

D
P
U

T
c
a
t
l
�

K

1

s
r
a
g
s
l
i
l
t
c
o
m
m
n

t
T
c
d
a
t
o
c
b
t

p
w
s
t
a

T
D
K

J

Downloa
n Analytical Model for the Basic
esign Calculations of Journal
earings

. K. Naffin

. Chang

epartment of Mechanical and Nuclear Engineering,
ennsylvania State University,
niversity Park, PA 16802

his paper presents an analytical model for the basic design cal-
ulations of plain journal bearings. The model yields reasonable
ccuracy as compared with published numerical solutions under
he same conditions. The principles and procedures of the formu-
ations are presented along with accuracy analyses.
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Formulation of the Model
Figure 1 shows a schematic of a basic journal bearing in a

teady-state configuration. The lubricant is supplied from the top
egion of the bearing, referred to as the inlet. The hydrodynamic
ction generates pressure in the lubricant, primarily in the conver-
ent part of the journal-bearing gap, to counteract the load thereby
eparating the journal surface from the bearing surface with a thin
ubricant film. The hydrodynamic pressure eventually terminates
n the divergent part of the gap, referred to as the outlet, and the
ubricant film ruptures into streamers. When a steady-state condi-
ion is reached, the journal is displaced from the bearing with a
enter distance e, which is referred to as the eccentricity. The ratio
f the eccentricity and the radial clearance �=e /c is an important
easure of the load capacity of the bearing. It also provides a
easure of the thickness of the lubricant film separating the jour-

al and the bearing.
The analytical model to be developed is divided into two parts:

he load-capacity module and the lubricant-temperature module.
he load-capacity module determines a value of the bearing ec-
entricity ratio for a given set of bearing geometry, operating con-
ition, and lubricant viscosity. The temperature module calculates
n effective temperature of the lubricant and lubricant viscosity at
his temperature for given sizes, load, speed, and eccentricity ratio
f the bearing. The two modules are then integrated to form the
omplete model that may be used to perform computer-aided
earing design calculations consistent with the use of the design
ables of Ref. �1� or the design charts of Ref. �2�.

1.1 The Load-Capacity Module. First-order analytical ap-
roximations have been developed for the bearing load capacity
hen the length-to-diameter ratio L /D of the bearing is either

ufficiently small or sufficiently large �1�. The former is referred
o as the short bearings and the latter, the long bearings. The
pproximations lead to the following equations �1�:
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W =
��DL3

8c2

���0.62�2 + 1�1/2

�1 − �2�2 for short bearings �1�

and

W =
3��D3L

4c2

��4�2 + �2 − �2�2�1/2

�2 + �2��1 − �2�
for long bearings �2�

Equations �1� and �2� may be used as primary anchor expres-
sions to develop a load-capacity expression for finite bearings
across short bearings to long bearings. A dimensionless load is
first defined

W̄ =
c2

��D4W �3�

Then, Eqs. �1� and �2� can be rewritten as

W̄ =
���0.62�2 + 1�1/2

8�1 − �2�2 � L

D
�3

for short bearings �4�

and

W̄ =
3��4�2 + �2 − �2�2�1/2

4�2 + �2��1 − �2�
� L

D
� for long bearings �5�

Taking the logarithmic on both sides of Eqs. �4� and �5� yields

log�W̄� = log����0.62�2 + 1�1/2

8�1 − �2�2 � + 3 log� L

D
� �6�

and

log�W̄� = log�3��4�2 + �2 − �2�2�1/2

4�2 + �2��1 − �2� � + log� L

D
� �7�

Defining

Y = log�W̄� �8�

X = log� L

D
� �9�

fS��� = log����0.62�2 + 1�1/2

8�1 − �2�2 � �10�

fL��� = log�3��4�2 + �2 − �2�2�1/2

4�2 + �2��1 − �2� � �11�

Equations �6� and �7� are rewritten as

Y = fS��� + 3X for short bearings �12�

and

Y = fL��� + X for long bearings �13�

Equations �12� and �13� characterize the load capacity of the short
and long bearings by two families of straight lines in the X-Y
plane. The slope of the lines is three for the short bearings, and it
is one for the long bearings. For finite bearings of L /D ratios in
between of sufficiently small and large, it is plausible to expect
the load capacities of the bearings to be described by a family of
smooth curves of the form Y = f�� ,X�. The curves make smooth
transitions from the lines of Eq. �12� to the lines of Eq. �13� as the
L /D ratio of the bearing is increased.

A third-order polynomial may be chosen to describe the load-
capacity function for the finite bearings

Y = f��,X� = C3X3 + C2X2 + C1X + Co �14�

Let XS be the X location at which the load-capacity expression
makes a transition from Eq. �12� to Eq. �14�. A smooth transition
is obtained by equating Y and �Y /�X from Eq. �14� to those from

Eq. �12� at XS. Or
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C3XS
3 + C2XS

2 + C1XS + Co = fS��� + 3XS �15�
nd

3C3XS
2 + 2C2XS + C1 = 3 �16�

imilarly, a smooth transition from the finite bearing to the long-
earing results in

C3XL
3 + C2XL

2 + C1XL + Co = fL��� + XL �17�
nd

3C3XL
2 + 2C2XL + C1 = 1 �18�

here XL is the X location at which the load-capacity expression
akes a transition from Eq. �14� to Eq. �13�. The four coefficients

f the polynomial of Eq. �14� can be obtained in terms of �, XS,
nd XL by simultaneously solving Eqs. �15�–�18� to give

C3 =
2�fS��� − fL��� + XL + XS�

�XL − XS�3 �19�

C2 =
− 2 − 3C3�XL

2 − XS
2�

2�XL − XS�
�20�

C1 = − 3C3XS
2 − 2C2XS + 3 �21�

Co = − C3XL
3 − C2XL

2 + �1 − C1�XL + fL��� �22�
The load-capacity model of Eq. �14� may be further defined and

valuated by comparing its calculations with results from the de-
ign tables of Ref. �1�. A given pair of L /D and � corresponds to

Sommerfeld number S in the table entries. The Sommerfeld
umber is defined as �1�

Fig. 1 Schematic of a basic journal

Table 1 Percentage errors of th

\L /D 1/8 1/6 1/4 1/3

0.9 �10.88 �13.68 �11.45 �7.48
0.8 �5.07 �5.94 �2.91 0.76
0.7 �3.07 �3.63 �1.55 1.18
0.6 �2.07 �2.65 �1.72 �0.04
0.5 �1.48 �2.16 �2.32 �1.68
0.4 �1.1 �1.9 �3.02 �3.29
0.3 �0.86 �1.76 �3.64 �4.69
0.2 �0.71 �1.7 �4.15 �5.78
0.1 �0.63 �1.69 �4.51 �6.54
24503-2 / Vol. 132, APRIL 2010
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S =
�NDL

W
�R

c
�2

�23�

where N is the speed of the journal in rev/s. Thus, the Sommerfeld
number is related to the dimensionless load of Eq. �3� by

W̄ =
1

8�

L

D

1

S
�24�

Considering the load determined by the design tables to be the
reference value, a percentage error may be defined for the load
calculation using the analytical model of Eq. �14�

W̄err = � W̄t − W̄m

W̄t

� � 100 �25�

where W̄t is the load determined from the table and W̄m, the load
calculated by Eq. �14�. Through a trial-and-error process, a “best”
L /D ratio for the transition from the short-bearing model to the
finite-bearing model is determined to be L /D=1 /8 and that from
the finite bearing to the long bearing to be L /D=4.75, giving XS
=log�1 /8� and XL=log�4.75� in Eqs. �19�–�22�. Table 1 tabulates
the percentage errors for practically the entire ranges of both L /D
and � of the design tables of Ref. �1�. For the bearings of small
L /D ratios, the analytical model overpredicts the load capacity
�i.e., negative errors�. The error grows progressively to above 10%
as � or the bearing load is increased. That the error is relatively
large at a high eccentricity ratio of the bearing is evidently due to
the fact that the pressure variation in the circumferential direction
of the bearing is no longer very small compared with its variation
in the axial direction, which is a key assumption leading to the

ring „taken from Fig. 8.5 of Ref. †1‡…

reliminary load-capacity module

1/2 3/4 1 1.5 2

�3.08 �0.16 0.75 2.11 3.36
5.46 7.62 7.36 5.24 3.65
5.12 7.32 7.12 4.79 2.28
2.84 4.88 5.08 3.12 0.46
0.05 1.8 2.3 1 �1.25

�2.67 �1.33 �0.63 �1.24 �2.95
�5.05 �4.19 �3.45 �3.48 �4.58
�6.96 �6.6 �5.92 �5.59 �6.08
�8.33 �8.48 �7.98 �7.43 �7.43
e p
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Downloa
hort-bearing load-capacity equation, Eq. �1�. For the bearings of
arge L /D ratios, on the other hand, the model underpredicts the
oad at high � and overpredicts at low � with the errors reaching
bout 8%. The relatively large percentage error at low � �i.e., light
oad� may be due to the fact that pressure variation in the axial
irection of the bearing may not be negligibly small compared
ith pressure variation in the circumferential direction, which is a
ey assumption leading to the long-bearing load-capacity equa-
ion, Eq. �2�. The other source of errors is the assumption that the
ressure is terminated at the end of the convergent half of the
ournal-bearing gap.

Based on the error trends with respect to � at small and large
/D ratios, some offset refinements in fS��� and fL��� may be
ade to the short-bearing and long-bearing load-capacity equa-

ions, Eqs. �12� and �13�, on which the finite-bearing load-capacity
odel is anchored. Through a trial-and-error process, fS��� and

fL��� of Eqs. �10� and �11� are best refined to

fS��� = log��1.0 − 0.7�� − 0.1�10�
���0.62�2 + 1�1/2

8�1 − �2�2 � �26�

nd

fL��� = log��0.91 + 0.19��
3��4�2 + �2 − �2�2�1/2

4�2 + �2��1 − �2� � �27�

able 2 tabulates the percentage errors again after the refinements.
ompared with Table 1, the errors are significantly reduced to

argely within 5% throughout the L /D�� domain of the design
ables of Ref. �1�. In addition, the trends of the errors suggest that
he errors would not be appreciably increased if the domain is

odestly extended, particularly to a larger L /D ratio of the bear-
ng. This refined model is taken to be the load-capacity module. It
s given by Eqs. �3�, �8�, �9�, �14�, �19�–�22�, �26�, and �27�, in
hich

XS = log�1/8� �28�
nd

XL = log�4.75� �29�

1.2 The Lubricant-Temperature Module. The viscosity of
he lubricant used in the load-capacity module is the viscosity
etermined at an effective temperature of the lubricant in the bear-
ng. Raimondi and Boyd �2� took this effective temperature to be
he average temperature of the lubricant at the bearing inlet and
utlet

Teff =
Ti + To

2
= Ti +

�T

2
�30�

here �T=To−Ti is the temperature rise of the lubricant from the
nlet to the outlet. While the inlet temperature of the lubricant may
e meaningfully estimated for a particular bearing design arrange-
ent, it is beyond the scope of this paper and Ti is taken to be an

nput parameter. In obtaining the design solutions, Raimondi and

Table 2 Percentage errors

\L /D 1/8 1/6 1/4 1/3

0.9 �2.54 �5.47 �4.62 �2.09
0.8 �2.99 �4.03 �1.64 1.46
0.7 �2.64 �3.32 �1.57 0.94
0.6 �2 �2.66 �1.88 �0.23
0.5 �1.47 �2.2 �2.37 �1.59
0.4 �1.1 �1.91 �2.88 �2.84
0.3 �0.86 �1.74 �3.31 �3.86
0.2 �0.71 �1.65 �3.62 �4.57
0.1 �0.63 �1.6 �3.78 �4.94
oyd �2� also assumed that the heat generated in the bearing is

ournal of Tribology

ded 25 Mar 2010 to 130.203.244.37. Redistribution subject to ASM
primarily carried out by the flow of the lubricant to give

�chQavg�T = fWU �31�

where � and ch are the density and specific heat of the lubricant
and f is the coefficient of friction of the bearing �i.e., the ratio of
the drag force around the journal and the applied load�. The vari-
able Qavg in Eq. �31� represents the effective rate of lubricant flow
leaving the bearing at the average temperature. It is approximated
by �2,3�

Qavg = Qi −
QL

2
�32�

where Qi is the rate of lubricant flow into the bearing and QL is
the rate of the hydrodynamic-pressure-driven leakage flow
through the axial ends of the bearing. Equation �31� can then be
rearranged to

�T =
fW2�RN

�ch�Qi − 0.5QL�
�33�

Define, as in Refs. �1,3�, the dimensionless inlet-flow rate and
leakage-flow rate:

Qi =
�NDLc

2
Q̄i �34�

and

QL =
N�DLc

2
Q̄L �35�

Then, Eq. �33� can be expressed as

�T =
4W

�chLD

�R/c�f

�Q̄i − 0.5Q̄L�
�36�

The values of the three dimensionless variables, �R /c�f , Q̄i, and

Q̄L, are tabulated in the design tables published in Refs. �1,3� at a
pair of given values of L /D and � of the bearing. A value of �T
can then be obtained using Eq. �36� and subsequently the effective
temperature of the lubricant and the corresponding viscosity. A
solution to the design problem is obtained using the design tables
through manual iterations and interpolations until agreement is
reached among all the variables.

The temperature module to be developed in this paper aims to

produce analytical expressions for �R /c�f , Q̄i, and Q̄L as functions
of L /D and �, making use of basic theories developed for the
friction and lubricant flows in the journal bearings. The design
tables are used to refine these expressions and to ensure their
accuracy. First, the expression for the friction variable �R /c�f is
developed. A simple approximation of the friction force in a jour-

the load-capacity module

1/2 3/4 1 1.5 2

�0.29 0.02 �0.91 �1.97 �2.17
4.89 5.83 4.67 1.27 �1.15
4.09 5.6 4.87 1.78 �1.25
2.14 3.8 3.73 1.37 �1.57

�0.11 1.57 2.01 0.63 �1.68
�2.2 �0.63 0.23 �0.16 �1.72
�3.91 �2.49 �1.36 �0.87 �1.61
�5.12 �3.85 �2.54 �1.38 �1.33
�5.77 �4.64 �3.26 �1.56 �0.86
of
nal bearing is the Petroff equation �4�
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F = 2��URL/c �37�

ubstituting f =F /W and with the use of Eq. �23� yields, after
earrangements, the following expression:

�R/c�f = 2�2S �38�

he accuracy of this expression for �R /c�f may be evaluated by
omparing its calculations with the numerical solutions in the de-
ign tables. Define a percentage-error function for �R /c�f

ferr = � ��R/c�f�t − ��R/c�f�m

��R/c�f�t
� � 100 �39�

here ��R /c�f�t is the value of �R /c�f from the design tables at a
iven pair of L /D and �, while ��R /c�f�m is the value by Eq. �38�
sing the value of S from the design tables under the same pair of
/D and �. Table 3 shows the errors for practically the entire

anges of L /D and � of the design tables of Ref. �1�. The errors
re fairly small at relatively low � or light loading conditions
hroughout the tabulated L /D ratios. However, the errors become
ery large at high values of �, where Eq. �38� underpredicts the
riction by over 60%. That the errors are large at high � is largely
ttributed to the fact that the Petroff equation is derived assuming
=0. The trends of the errors appear to be relatively simple. The
rrors grow progressively along � and modestly along L /D, sug-
esting that they may be largely reduced with a simple correction
actor to Eq. �38� along L /D and �. Through a trial-and-error

Table 3 Percentage errors of

\L /D 1/8 1/6 1/4 1/3

0.9 57.06 57.51 58.47 59.58
0.8 40.4 40.69 41.42 42.31
0.7 28.85 29.04 29.55 30.18
0.6 20.17 20.3 20.66 21.12
0.5 13.51 13.6 13.83 14.13
0.4 8.42 8.47 8.62 8.81
0.3 4.64 4.67 4.75 4.86
0.2 2.04 2.05 2.09 2.13
0.1 0.51 0.51 0.52 0.53

Table 4 Percentage err

\L /D 1/8 1/6 1/4 1/3

0.9 0.72 1.09 2.06 3.44
0.8 �8.43 �8.46 �8.25 �7.7
0.7 �5.32 �5.43 �5.46 �5.29
0.6 �0.52 �0.59 �0.62 �0.52
0.5 2.7 2.67 2.69 2.78
0.4 3.73 3.73 3.77 3.87
0.3 3.1 3.11 3.16 3.23
0.2 1.72 1.73 1.76 1.8
0.1 0.49 0.49 0.5 0.51

Table 5 Percentage errors of

\L /D 1/8 1/6 1/4 1/3

0.9 �0.25 �0.45 �1.04 �1.94
0.8 �0.23 �0.42 �0.97 �1.8
0.7 �0.22 �0.39 �0.9 �1.64
0.6 �0.19 �0.35 �0.81 �1.48
0.5 �0.14 �0.31 �0.71 �1.3
0.4 �0.15 �0.26 �0.61 �1.1
0.3 �0.12 �0.22 �0.49 �0.87
0.2 �0.08 �0.15 �0.35 �0.62
0.1 �0.05 �0.08 �0.19 �0.33
24503-4 / Vol. 132, APRIL 2010

ded 25 Mar 2010 to 130.203.244.37. Redistribution subject to ASM
process, a best correction is obtained to refine Eq. �38� to

�R/c�f = �1.0 + �0.56
L

D
+ 1.93��4	2�2S �40�

The errors of this refined equation are shown in Table 4. They are
much reduced to within 5% at most L /D�� locations, with a few
exceptions where the errors reach 8%. Since the pattern of the
errors is no longer simple, it is difficult to devise simple correc-
tions to further reduce the errors. Equation �40� is taken to be the
friction equation for the temperature module.

The expression for the inflow variable Q̄i is to be developed
next. The inflow of the lubricant may be assumed to be primarily
Couette. Then a first-order approximation for the inflow is given
by �5�

Qi =
�NDLc

2
�1 + �� �41�

Comparing Eq. �41� with Eq. �34� leads to the following expres-
sion for the dimensionless inflow

Q̄i = 1 + � �42�

This inflow expression may be evaluated and refined by studying
the percentage errors in the L /D�� domain of the bearing, as
defined below

preliminary friction equation

1/2 3/4 1 1.5 2

61.31 63.38 64.69 66.4 67.36
44.08 46.52 48.38 50.86 52.42
31.65 33.93 35.83 38.71 40.54
22.23 24.07 25.81 28.57 30.33
14.91 16.3 17.68 20.01 21.65
9.31 10.22 11.22 12.97 14.28
5.14 5.68 6.26 7.39 8.25
2.26 2.51 2.78 3.31 3.77
0.56 0.63 0.7 0.85 0.97

of the friction equation

1/2 3/4 1 1.5 2

5.22 6.91 7.02 5.33 2.04
�6.54 �4.96 �4.26 �4.9 �7.01
�4.62 �3.35 �2.53 �2.05 �3.01
�0.04 0.94 1.87 2.93 2.79

3.15 4.01 4.86 6.16 6.71
4.17 4.82 5.57 6.8 7.58
3.44 3.89 4.37 5.31 5.99
1.91 2.14 2.39 2.88 3.3
0.54 0.61 0.68 0.82 0.94

e preliminary inflow equation

1/2 3/4 1 1.5 2

�4.91 �13.2 �25.83 �60.03 �98.97
�4.48 �11.67 �22.47 �50.5 �81.52
�4.03 �10.19 �19.18 �42.05 �66
�3.57 �8.74 �16.07 �34.05 �52.38
�3.08 �7.3 �13.11 �26.81 �40.29
�2.55 �5.88 �10.27 �20.29 �29.8
�1.98 �4.44 �7.55 �14.4 �20.68
�1.38 �3 �4.95 �9.08 �12.75
�0.72 �1.51 �2.43 �4.3 �5.89
the
ors
th
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Q̄i
err = � Q̄i

t − Q̄i
m

Q̄i
t

� � 100 �43�

here Q̄i
t is the value of Q̄i from the design tables of Ref. �1� at a

iven pair of L /D and � and Q̄i
m is calculated by Eq. �42�. Table

shows the errors in the L /D�� domain of the tables. The errors
re very small for low L /D ratios and still fairly small for large
/D under light loading conditions. These small errors are evi-
ently due to the relatively small pressure gradient along the cir-
umferential direction of the bearing, making the Poiseuille flow
uite negligible at the inlet. On the other hand, the errors are big
t relatively high L /D ratios and under heavy loading conditions,
eaching 100% at the extreme. This is the situation at which the
oiseuille flow at the inlet is no longer small compared with the
ouette flow. As a result, the actual inflow is much smaller than

hat predicted by Eq. �42�. Nevertheless the variations in the errors
n the L /D�� domain are of a relatively simple pattern, making it
ossible to refine Eq. �42� with a relatively simple correction fac-
or along L /D and �. A trial-and-error procedure leads to the fol-
owing refined expression:

Table 6 Percentage err

\L /D 1/8 1/6 1/4 1/3

0.9 0.04 0.5 1.49 2.39
0.8 0.03 0.43 1.29 2.07
0.7 0.01 0.36 1.09 1.75
0.6 0 0.3 0.9 1.45
0.5 0.03 0.23 0.74 1.17
0.4 �0.01 0.18 0.57 0.91
0.3 �0.02 0.13 0.42 0.68
0.2 �0.01 0.09 0.29 0.47
0.1 0 0.06 0.18 0.3

Table 7 Percentage errors of

\L /D 1/8 1/6 1/4 1/3

0.9 �0.4 �0.72 �1.5 �2.7
0.8 �0.4 �0.72 �1.57 �2.81
0.7 �0.41 �0.73 �1.6 �2.83
0.6 �0.41 �0.73 �1.62 �2.86
0.5 �0.41 �0.74 �1.63 �2.89
0.4 �0.41 �0.74 �1.64 �2.89
0.3 �0.42 �0.74 �1.63 �2.9
0.2 �0.43 �0.76 �1.63 �2.88
0.1 �0.4 �0.76 �1.63 �2.88

Table 8 Percentage erro

\L /D 1/8 1/6 1/4 1/3

0.9 0.08 0.69 1.96 2.98
0.8 0.07 0.66 1.83 2.78
0.7 0.05 0.63 1.74 2.66
0.6 0.04 0.6 1.66 2.52
0.5 0.03 0.57 1.59 2.39
0.4 0.02 0.54 1.51 2.29
0.3 0.01 0.52 1.46 2.18
0.2 �0.01 0.47 1.4 2.09
0.1 0.01 0.45 1.34 1.99
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Q̄i = �1.0 − �0.26� + 0.01�� L

D
− 0.1�1.2	�1 + �� L/D 	 1/8

�44�

No correction is made for a L /D ratio less than 1/8 and the origi-
nal expression of Eq. �42� is used. The errors of this refined equa-
tion are shown in Table 6. They are sufficiently small and Eq. �44�
is taken to be the inflow equation for the temperature module.

Finally, the expression for the leakage variable Q̄L is developed.
The hydrodynamic-pressure-driven leakage flow through the axial
ends of the journal bearing may be taken to be the difference
between the inflow at the inlet and the outflow at the outlet of the
bearing loaded region QL=Qi−Qo. A first-order approximation of
the outflow is the Couette flow at the location of the minimum
film thickness �5� to give

Qo =
�NDLc

2
�1 − �� �45�

Therefore, a simple expression for Q̄L, making use of Eqs. �35�,
�41�, and �45�, is given by

of the inflow equation

1/2 3/4 1 1.5 2

3.62 3.27 1.23 �1.56 5.91
3.1 2.85 1.05 �1.37 3.96
2.62 2.43 0.98 �1.21 2.85
2.16 2.02 0.91 �0.73 2.26
1.73 1.65 0.85 �0.22 2.14
1.34 1.32 0.81 0.25 2.17
1 1.04 0.79 0.68 2.26
0.72 0.81 0.78 1.05 2.35
0.48 0.67 0.82 1.33 2.34

preliminary leakage equation

1/2 3/4 1 1.5 2

6.16 �15.44 �29.83 �69.67 �118.2
6.38 �15.48 �29.27 �67.52 �114.3
6.5 �15.45 �28.71 �65.27 �110.3
6.57 �15.35 �28.1 �63.04 �106.2
6.55 �15.19 �27.44 �60.75 �102
6.57 �14.98 �26.74 �58.38 �97.58
6.53 �14.72 �25.97 �55.93 �93.05
6.47 �14.42 �25.16 �53.43 �88.41
6.38 �14.09 �24.38 �50.94 �83.82

of the leakage equation

1/2 3/4 1 1.5 2

4.49 4.32 1.96 �2.11 3.36
4.11 3.93 1.81 �2.03 2.93
3.8 3.59 1.66 �1.86 2.6
3.54 3.32 1.56 �1.66 2.42
3.36 3.09 1.5 �1.4 2.37
3.16 2.92 1.48 �1.05 2.49
2.99 2.78 1.51 �0.61 2.77
2.86 2.68 1.59 �0.12 3.2
2.74 2.6 1.65 0.42 3.69
ors
the
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Q̄L = 2� �46�

efining the percentage error the same as that for the inflow de-
ned in Eq. �43�, Eq. �46� is evaluated and refined. The errors are
hown in Table 7. The errors are uniformly small at small L /D
atios but uniformly progress to very large values at large L /D
atios. A refinement of the expression through the use of a rela-
ively simple correction factor is in order, leading to the following
efined expression:

Q̄L = �1.0 − �0.05� + 0.23�� L

D
− 0.1�1.1	�2�� L/D 	 1/8

�47�

s in the case of inflow, no correction is made for a L /D less than
/8 and Eq. �46� is used. Table 8 shows the errors of Eq. �47�; the
aximum is below 5%. Equation �47� is taken to be the leakage-
ow equation for the temperature module.

1.3 Integration of the Model. Two analytical modules have
een developed for the model of the bearing. The load-capacity
odule is used to perform design calculations such as the film

hickness in the bearing along with other load-capacity related
ariables. The lubricant-temperature module is used to determine
he average temperature of the lubricant and its effective viscosity.
his module also yields values for other important bearing vari-
bles such as friction, power loss and lubricant flows. The two
odules are interrelated. The load-capacity module needs the vis-

osity solution from the temperature module, and the temperature
odule needs the eccentricity-ratio solution from the load-

apacity module. Therefore, a calculation procedure needs to be
eveloped to integrate the two modules forming a complete ana-
ytical model. The equations for the two modules are summarized
elow followed by the descriptions of the model integration.

The load-capacity module is given by

W̄ =
c2

��D4W �3��

Y = log�W̄� �8��

X = log� L

D
� �9��

Y = C3X3 + C2X2 + C1X + Co �14��

C3 =
2�fS��� − fL��� + XL + XS�

�XL − XS�3 �19��

C2 =
− 2 − 3C3�XL

2 − XS
2�

2�XL − XS�
�20��

C1 = − 3C3XS
2 − 2C2XS + 3 �21��

Co = − C3XL
3 − C2XL

2 + �1 − C1�XL + fL��� �22��

fS��� = log��1.0 − 0.7�� − 0.1�10�
���0.62�2 + 1�1/2

8�1 − �2�2 � �26��

fL��� = log��0.91 + 0.19��
3��4�2 + �2 − �2�2�1/2

4�2 + �2��1 − �2� � �27��

XS = log�1/8� �28��

XL = log�4.75� �29��

he nominal domain of application of the module is 1 /8
L /D
2.0 and 0��
0.9. It may be modestly extended beyond, espe-
ially for L /D ratios larger than 2.0. If calculations are needed for

24503-6 / Vol. 132, APRIL 2010
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a L /D ratio less than 1/8, the short-bearing model of Eq. �12�
should be used instead of Eq. �14�.

The lubricant-temperature module is given by

S =
�NDL

W
�R

c
�2

�23��

Teff = Ti +
�T

2
�30��

�T =
4W

�chLD

�R/c�f

�Q̄i − 0.5Q̄L�
�36��

�R/c�f = �1.0 + �0.56
L

D
+ 1.93��4	2�2S �40��

Q̄i = �1.0 − �0.26� + 0.01�� L

D
− 0.1�1.2	�1 + �� L/D 	 1/8

�44��

Q̄L = �1.0 − �0.05� + 0.23�� L

D
− 0.1�1.1	�2�� L/D 	 1/8

�47��
and also

� = f�Teff� �48�

where f�Teff� is a plausible viscosity-temperature relation of the
lubricant such as the Barus law �1�

� = �ie
−��Teff−Ti� �49�

where �i is the lubricant viscosity at the inlet temperature and � is
the viscosity-temperature coefficient. The nominal domain of ap-
plication of the temperature module is the same as the load-
capacity module with modest extensions. If calculations are
needed for a L /D ratio less than 1/8, Eq. �44� is replaced by Eq.
�42� and Eq. �47� replaced by Eq. �46�.

Figure 2 shows a flowchart highlighting the integration of the
model. The input parameters of the model include the length,
diameter, radial clearance, load, and speed of the bearing. They
also include the density and specific heat of the lubricant, the inlet
temperature and viscosity of the lubricant, and an initial estimate
of the effective temperature of the lubricant in the bearing. The
initial estimate of the effective temperature may be taken to be the
inlet temperature. A value of the viscosity is calculated at this
effective temperature of the lubricant. Then, the load-capacity
module is called upon to iteratively determine a value of the ec-
centricity ratio. The bisection method of calculation �6� is very
effective to determine �. A residual function r��� is defined by
moving all terms of Eq. �14� to one side of the equation. This
function is equal to zero when a solution for � satisfying Eq. �14�
is found. Select two initial � values, �l=�� and �h=1−��, where
�� is the prescribed error tolerance for � in search of a solution.
Calculate r��� with both �l and �h. If the product of r��l� and r��h�
is negative �i.e., r��l��r��h��0�, the solution for � lies in the
range of �l and �h. This range of � is bisected, and the value of
either �l or �h is updated depending on which half of the range
contains the solution. The updating process continues to narrow
the range of �l to �h until �h−�l
��, and the solution is assigned
to �h with an error less than ��. The � solution may also theo-
retically fall below �� or above 1−��, corresponding, respec-
tively, to a large or a small Sommerfeld number. The occurrence
of either situation is detected when r��l��r��h�
0 to begin with.
The Sommerfeld number is then calculated. If S
0.5, based on
the design tables �1�, the � solution is assigned to ��; otherwise,
it is assigned to 1−�� with an error less than ��.
With a solution of � determined by the load-capacity module,
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he lubricant-temperature module is called upon to calculate an
ffective temperature of the lubricant. A Sommerfeld number is

rst calculated followed by the calculations of �R /c�f , Q̄i, and Q̄L.
temperature rise is determined and then an effective tempera-

ure. This effective temperature is compared with that estimated
reviously. If the difference between the two values of the effec-
ive temperature is greater in magnitude than the prescribed error
olerance, the average of the two is taken to be the new estimate of
he effective temperature. Then the viscosity of the lubricant is
pdated and the iterative calculations are repeated until conver-
ence of the effective temperature. Upon convergence of the so-
ution, variables of design interest are calculated. They include the

inimum film thickness �hmin=c�1−���, coefficient of friction,
ower loss �Ploss= fW�ND�, and rate of leakage flow, to name just
few. Other variables such as the peak pressure and bearing atti-

ude angles, for which no analytical expressions are developed,
ay be obtained from the design tables of Ref. �1� under the

alues of L /D and �.

Conclusion
An analytical model with reasonable accuracy is developed in

his paper for the basic calculations of journal bearings in the

Fig. 2 Flowchart of model integration
ournal of Tribology
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practical design space. The model is composed of two modules,
the load-capacity module and the lubricant-temperature module.
The load-capacity module calculates the bearing eccentricity ratio
and film thickness along with other load-capacity variables. The
lubricant-temperature module determines the average temperature
of the lubricant and its effective viscosity along with other bearing
variables such as lubricant flow, bearing friction, and power loss.
Analytical equations in each of the two modules are derived mak-
ing use of simple theories of journal-bearing lubrication and heat
transfer in conjunction with published design tables of numerical
solutions. The modules are integrated into one cohesive analytical
model. The analytical equations of the model can be easily pro-
grammed into a computer to yield continuous solutions in the
design space of length-to-diameter ratio of the bearing and the
bearing eccentricity ratio. The model effectively replaces the dis-
crete design charts and tables and eliminates the need for manual
iterations and interpolations in the solution process. It helps re-
duce human errors in design calculations and facilitate optimal-
design and design-sensitivity analyses. Furthermore, the analytical
model may be integrated into a computer-aided-design environ-
ment for more advanced design and analysis of journal-bearing
systems, and its functional cause-and-effect relations may help
gain more insights into the bearing problems.

Nomenclature
c � bearing radial clearance

ch � specific heat of lubricant
D � bearing diameter
f � coefficient of friction
L � bearing length
N � journal rotational speed in rev/s

Qave � average flow rate of lubricant through bearing
Qi � rate of flow of lubricant at bearing inlet
QL � rate of leakage flow of lubricant through bear-

ing axial ends

Q̄i � dimensionless inlet-flow rate �Eq. �34��
Q̄L � dimensionless leakage-flow rate �Eq. �35��

R � bearing radius
S � Sommerfeld number

Teff � lubricant effective temperature
U � surface velocity of journal
W � bearing radial load

W̄ � dimensionless load �Eq. �3��
�T � lubricant-temperature rise

� � bearing eccentricity ratio
� � lubricant viscosity at an effective temperature
� � lubricant density
� � journal angular velocity in rad/s
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