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Introduction
¢ Inengineering analysis, we often want to fit a trend line or curve to a set of x-y data.
e Consider a set of n measurements of some variable y as a function of another variable x.
o Typically, y is some measured output as a function of some known input, x.
e Ingeneral, in such a set of measurements, there may be:
o Some scatter (precision error or random error).
o Atrend - in spite of the scatter, y may show an overall increase with x, or perhaps an overall decrease
with x.
e The linear correlation coefficient is used to determine if there is a trend.
e If there is a trend, regression analysis is used to find an equation for y as a function of x that provides the
best fit to the data.
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e The linear correlation coefficient ry is defined as
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e In the equation above, the mean value of x and the mean value of y are defined in the usual manner as

7=12Xi and 7=12yi .
N4 Nz

e Some observations about the linear correlation coefficient are worth noting:

o By definition, r,, must always lie between-1and 1, i.e., [-1< Fy <1|

o The linear correlation coefficient is always nondimensional, regardless of the dimensions of x and y.

o |Ifry =1, itmeans thaty increases with x in a perfectly linear fashion, with no scatter:
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o If0<ry<1,itmeans that in general, y increases with x, but with some scatter. Here, r,, = 0.995, as
calculated from the set of data points plotted below. The closer ryy is to one, the less scatter in the data.
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o Ifry =0, it means thaty is uncorrelated with x, and there is no trend. There may or may not be scatter,
as illustrated below. Both sets of data have zero correlation, even though the circles have lots of scatter.
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If there is scatter, the scatter must be symmetric (circles) in order for r,, to equal exactly zero. If there is
no scatter (squares), ry, cannot be calculated with the above equation, since there will be a zero in the
denominator. However, ry, is zero for perfectly flat data (the squares below). It is extremely unlikely for

ry to ever be exactly zero in an actual measurement.
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If -1 <ry <0, it means that in general, y decreases with x, but with some scatter. Here, r,, = -0.924, as

calculated from the set of data points plotted below.
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o Finally, if r,, = -1, it means that y decreases with x in a perfectly linear fashion, with no scatter:
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e In Excel, the linear correlation coefficient can be found easily:
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Excel 2003: Tools-Data Analysis-Correlation.

Excel 2007: Click the Data tab; in the area called Analysis, Data Analysis-Correlation.

Select both columns of data (x and y) as the Input Range.

Select a cell for the top-left corner of the output as the Output Range, and OK.

The value shown in the lower left corner of the resulting table is the linear correlation coefficient, ryy.

The critical value of ry,
o How large does ry, need to be so that the observed trend is real, and not just pure chance?

e The answer is that it depends on two parameters:

o The desired confidence level.
o The number of data pairs.




Let r. be defined as the critical value of r,. It is evaluated as
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, where

o kis the number of independent variables used in the correlation. For linear correlation with only one
independent variable, k = 1. [This is the case we are discussing here, namely, y as a function of x.]

0 tup is the critical t-test value — a function of level of significance and df as defined previously. t,» is
obtained from a table as previously. Or, if using Excel, t,, = TINV(«,df) as previously.

o dfis the degrees of freedom. In this case, , where n is the number of data pairs.

o Example: For n = 24 (24 data pairs), a = 0.05 (95% confidence), and k = 1 (one independent variable x),
we calculate df =24 -1-1 =22, t,, = TINV(0.05,22) = 2.073873, and

1(2.073873)°

‘: \/ 1(2.073873)" + 22

=0.404386 which we round to 5 significant digits as r; = 0.40439.

We find a table listing r; as a function of n (number of data pairs) and ¢ (confidence level) or « (significance
level) in many statistics books. Recall, « = significance level = 1 — c, as previously defined. A brief table of
re is provided below for the case with k = 1. A longer table is provided on the Exams tab on the website.

Values of r, (critical values) for linear correlation coefficient
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0.61205
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0.68311
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0.48215
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0.54255
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0.51542
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0.30606
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0.42257
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In standard engineering practice, 95% confidence level is used. Thus, ¢ =0.95 and «=1-0.95=0.05. The
95% confidence column of the r, table is therefore used for standard engineering confidence, and is
highlighted for convenience.
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By definition, if the actual r,, (the linear correlation coefficient) is larger than r; (the critical value), we are
confident (to some confidence level) that the trend is real.

On the other hand, if the actual r,, is smaller than r;, we cannot be confident (again to some confidence
level) that the trend is real.

Example:
Given: 20 data pairs (y vs. x) are available, as listed below, along with a scatter plot of the data.
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To do: Determine if there is a significant trend between y and x.
Solution:
0 By eye, it seems that there may be a trend that y increases with x, but there is too much scatter to tell for

sure. The linear correlation coefficient is probably small. It is not obvious from the plot whether the trend
is real or simply a result of chance. By eye, we cannot be confident that a trend exists.

The linear correlation coefficient is calculated from the above equation, or using Excel’s built-in
Correlation macro: |r,, = 0.480]

The critical correlation table is used at n = 20 and = 1 — 0.95 = 0.05 for the standard engineering
confidence level of 95%. From the table, the critical value is r, = 0.44376.

r. is compared to the actual value of ry,. Since ry, > r; (0.480 > 0.44376), the conclusion is:

| Yes, there is a trend between y and x, to the standard engineering confidence level of 95% |

Suppose, however, that 98% confidence level is required. Then, at n = 20 and 98% confidence, the table
yields r, = 0.51550.

r. is compared to the actual value of ry,. Since ry, < 1 (0.480 < 0.51550) the conclusion is:

| No, there is not a trend between y and x, to the more stringent confidence level of 98% |

If we want to give a more accurate confidence level, we can use the equation given above, or interpolate
in the table. For 20 points, we interpolate for ry, = 0.480 between 0.44376 at 95% confidence and
0.48551 at 97% confidence. The result is a confidence level of 96.7%. Our final conclusion:

[ There is a trend between y and x, to a confidence level of 96.7% (to three digits) |.

Discussion: In cases like this, we cannot judge by eye whether there is a trend or not, so the mathematical

procedure discussed here is useful, and eliminates the possibility of bias on the part of a researcher who
may be trying to show that a trend exists. In the present case, he or she is 96.7% confident that a trend
exists. This researcher should report that there is a trend in the data to a confidence level of 96.7%.



